Abstract. We find some modularity criterion for a product of Klein forms of the congruence subgroup Γ 1 (N ) (Theorem 2.6) and, as its application, construct a basis of the space of modular forms for Γ 1 (13) of weight 2 (Example 3.4). In the process we face with an interesting property about the coefficients of certain theta function from a quadratic form and prove it conditionally by applying Hecke operators (Proposition 4.3).
Introduction
The Dedekind eta-function η(τ ) is defined to be the infinite product η(τ ) = q And, every modular form for SL 2 (Z) is known to be expressed as a rational function in η(τ ) 8 , η(2τ ) 4 and η(4τ ) 8 ([8] Theorem 1.67). On the other hand, we are further required to present more building blocks to construct modular forms of integral weight for modular groups of higher level. To this end we focus on the following Klein forms.
For (r 1 , r 2 ) ∈ Q 2 − Z 2 the Klein form k (r1,r2) (τ ) is defined by the following infinite product expansion k (r1,r2) (τ ) = e πir2(r1−1) q 1 2 r1(r1−1) (1 − q z )
(1 − q n q z )(1 − q n q −1
where q z = e 2πiz with z = r 1 τ + r 2 . We see from Example 3.5 that the Klein forms seem to be a variation of η(τ ) −2 . (In the original definition ( [6] Chapter 2 §1) there is an extra factor i/2π.) Furthermore, we know directly from the definition that it is a holomorphic function which has no zeros and poles on H.
In this paper we shall investigate some modularity criterions for products of Klein forms of modular groups Γ 1 (N ) of arbitrary level (Theorems 2.6 and 2.8). As applications we shall express theta functions associated with quadratic forms in view of Klein forms and find a basis of the space of modular forms for Γ 1 (13) of weight 2 (Examples 3.3 and 3.4).
Let Θ Q (τ ) = ∞ n=0 r Q (n)q n be the theta function associated with the quadratic form Q(x 1 , x 2 , x 3 , x 4 ) = x 4 + x 1 x 3 + x 1 x 4 + x 2 x 4 where r Q (n) is the cardinality of the solution set {x ∈ Z 4 : Q(x) = n} for n ≥ 0. We shall find some primes p which satisfy an interesting relation r Q (p 2 n) = r Q (p 2 )r Q (n) r Q (1) for any integer n ≥ 1 prime to p by applying Hecke operators to Θ Q (τ ) (Proposition 4.3 and Remark 4.4). Cho-Kim-Koo recently performed in [1] a similar work about modularity of Klein forms and constructed bases of certain spaces of modular forms by describing the Fourier coefficients of some finite products of Klein forms in terms of divisor functions. For the purpose they adopted some useful nine identities between the q-products and the q-series from the basic hypergeometric series ( [2] ). Thus, due to this technical restriction they could hardly find examples of higher level, from which our work was motivated to improve modularity criterion for Γ 1 (N ).
Modularity criterions
First, we start with recalling some necessary transformation formulas investigated in [6] .
(iii) Let B 2 (X) = X 2 − X + 1/6 be the second Bernoulli polynomial and X be the fractional part of X ∈ R so that 0 ≤ X < 1. For (r 1 , r 2 ) ∈ Q 2 − Z 2 we have
Proof. See [6] Chapter 2 §1.
For every integer k, α = a b c d ∈ SL 2 (Z) and a function f (τ ) on H we write
And, we mainly consider the following three congruence subgroups
for an integer N ≥ 2. When Γ is one of the above congruence subgroups and k is any integer, we say that a holomorphic function f (τ ) on H is a modular form for Γ of weight k if
(ii) f (τ ) is holomorphic at every cusp ([9] Definition 2.1). We denote by M k (Γ) the C-vector space of modular forms for Γ of weight k. If we replace (ii) by (ii) ′ f (τ ) is meromorphic at every cusp, then we call f (τ ) a nearly holomorphic modular form for Γ of weight k. Kubert and Lang ( [6] ) gave the following modularity condition for Γ(N ).
Proposition 2.2. For an integer N ≥ 2, let {m(r)} r∈ 1 N Z 2 −Z 2 be a family of integers such that m(r) = 0 except finitely many r. Then the product of Klein forms
is a nearly holomorphic modular form for Γ(N ) of weight − r m(r) if and only if
Proof. See [6] Chapter 3 Theorem 4.1.
is a nearly holomorphic modular form for Γ(2N 2 ) (respectively, Γ(N )) of weight −1 (respectively, −2N ).
Now we shall develop a modularity criterion for the congruence subgroup Γ 1 (N ).
Lemma 2.4. For an integer N ≥ 2 let t be an integer with t ≡ 0 (mod N ). Then we have the relation
Proof. By the definition (1.4) we have
and
by using the identity
Hence we get the assertion.
Lemma 2.5. For y ∈ Q and an integer D ≥ 1 we have
Proof. See [5] Lemma 6.3.
t=1 be a family of integers. Then the product
is a nearly holomorphic modular form for
Proof. By Lemma 2.4 we may prove the assertions for the function
.
Assume the condition (2.2) and set
Then we get that
by the condition (2.2) and the fact t m(t)t ≡ t m(t)t 2 (mod 2). This shows that k(τ ) is a nearly holomorphic modular form for Γ(N ) of weight
On the other hand, we know that Γ 1 (N ) is generated by Γ(N ) and T = 1 1 0 1 . Thus, we derive that
by Proposition 2.1(ii)
by Proposition 2.1(i) (2.2) and the fact t m(t)t ≡ t m(t)t 2 (mod 2).
Therefore k(τ ) is a nearly holomorphic modular form for Γ 1 (N ) of weight k = − t m(t).
If we apply Lemma 2.5 with
Hence we achieve
Corollary 2.7. Let N ≥ 2 be a square integer. Then the function
Proof. Let k(τ ) be the above function. Since k(τ ) satisfies the condition (2.2), it is a nearly holomorphic modular form for Γ 1 (N ) of weight 2 by Theorem 2.6. For any α = a b c d ∈ SL 2 (Z) we then get by the order formula (2.3)
which is nonnegative. This implies that the order of k(τ ) at every cusp is nonnegative; hence k(τ ) is indeed a modular form.
Next we find a family of modular forms for Γ 0 (N ) which are in fact quotients of the Dedekind eta-functions.
is a modular form for Γ 0 (N ) of weight
ad − N cb = 1. Then we achieve
Hence k(τ ) is a nearly holomorphic modular form for Γ 0 (N ) of weight k = 12(N −1) gcd(12,N −1) . Now let β = x y z w ∈ SL 2 (Z). Then we obtain that
by the same argument as (2.4)
which yields that k(τ ) is holomorphic at every cusp. This completes the proof.
Remark 2.9. Using the identity (2.1) one is readily able to verify that the function in Theorem 2.8 can be written as
by the definitions (1.4) and (1.1). So, we may regard the following general theorem about the Dedekind eta-function as the first part of the above proof. 
Here the character χ is defined by
Proof. See [8] Theorem 1.64.
Theta functions
Let N ≥ 1 and k be integers. For a Dirichlet character χ modulo N we define a character of Γ 0 (N ), also denoted by χ, by
then we have the following decomposition.
Proposition 3.1. Let N ≥ 1 and k be integers. We have
where χ runs over all Dirichlet characters modulo N .
Proof. See [7] Lemmas 4.3.1 and 4.3.2.
Let A be an r × r positive definite symmetric matrix over Z with even diagonal entries and Q be its associated quadratic form, namely
Now, define the theta function Θ Q (τ ) on H associated with Q by
We take a positive integer N such that N A −1 is an integral matrix with even diagonal entries.
Proposition 3.2.
With the notations as above we further assume that r is even. Then Θ Q (τ ) is a modular form for Γ 1 (N ) of weight r/2. More precisely, Θ Q (τ ) belongs to M r/2 (Γ 0 (N ), χ) where χ is a Dirichlet character defined by
Proof. See [7] Corollary 4.9.5. 
It follows from Proposition 3.2 that Θ Q (τ ) = Θ(τ ) 2 belongs to M 1 (Γ 1 (4)). On the other hand, since M 1 (Γ 1 (4)) is of dimension 1 ([9] §2.6) and the function
Furthermore, we derive from the definition (1.4) that
Therefore, we get an infinite product formula for Θ(τ ) 2 . This gives a simple example of utilizing Klein forms, however, one can obtain this result from (1.2) more easily. 
(By Proposition 2.1(i) we confine ourselves to the case 1 ≤ t ≤ 6.) For each cusp a/c we take a matrix α a/c ∈ SL 2 (Z) so that α a/c (∞) = a/c, for example Note that α a/c = a * c * . We then obtain a criterion by Theorem 2.6 for k(τ ) to belong to the space Thus one can readily find such k(τ )'s as in the following Table 1 . Here we use the notation Since ord q (k m (τ )|[α 6/13 ] 2 ) (m = 1, · · · , 13) are all distinct, the set {k 1 (τ ), · · · , k 13 (τ )} forms a basis of M 2 (Γ 1 (13)) over C. Hence Θ Q (τ ) is a linear combination of these k m (τ ) over C, namely
If we set
then the relation (3.3) can be rewritten as
c n,m y m for n ≥ 0.
In particular, from the above relations we have the linear system for n = 0, 1, · · · , 12
So, by using the Table 1 and (3.1) we are able to determine
Then, by the product expansion formula (1.4) we can easily get the Fourier expansion of Θ Q (τ ) as follows: From this expansion we happen to numerically find some interesting identities, which will be conditionally proved in §4, and so we pose it as a question for a moment:
for any prime p = 13 and any integer n ≥ 1 prime to p.
Suppose that (3.4) is true. Let ℓ ≥ 2 be a square-free integer which is not divisible by 13 and has the prime factorization ℓ = p 1 · · · p m . If n is a positive integer prime to ℓ, then we derive that
Hence we can allow p to be a square-free positive integer not divisible by 13 in the question (3.4). However, unfortunately, the general relation r Q (mn) = r Q (m)r Q (n)/r Q (1) for relatively prime positive integers m and n does not hold because r Q (2 · 5) = 48 and r Q (2)r Q (5)/r Q (1) = 196/3. Example 3.5. By Remark 2.3 any product of Klein forms is of integral weight. So we cannot express η(τ ) in terms of Klein forms. However, as described in [6] Chapter 3 Lemma 5.1 we have the relation
Let k ≥ 0 be an integer and M k/2 (Γ 0 (4)) stand for the space of modular forms for Γ 0 (4) of weight k/2 ([4] Chapter IV §1). Let
Then one can assign the weight 1/2 to Θ(τ ) = η(2τ So we may assume that p satisfies (4.3). Now, for n ≥ 1 prime to p, we achieve from (4.1) and (4.5) that r Q (p 2 n) = (1 + χ(p)p + p 2 )r Q (n) by comparing the coefficients of q n = r Q (p 2 )r Q (n)/r Q (1) by (4.3).
This completes the proof. Comparing the coefficients of the term q 3 n−1 (n ≥ 2) on both sides we have r Q (3 n ) + 3r Q (3 n−2 ) = 4r Q (3 n−1 ), which can be rewritten as r Q (3 n ) − r Q (3 n−1 ) = 3 r Q (3 n−1 ) − r Q (3 n−2 ) .
Hence we conclude that r Q (3 n ) = r Q (3 1 ) + r Q (3 1 ) − r Q (3 0 )
n−1 j=1 3 j = 6(3 n+1 − 1) for n ≥ 2.
Observe that this formula is also true for n = 0 and 1. )) is of dimension 2. Unfortunately, it seems that there are no general results on the construction of a basis of the space M 2 (Γ 1 (det(A))) (by using products of Klein forms).
